JOURNAL OF APPROXIMATION THEORY 44, 55-68 (1985)

Constructive Methods for Fourth-Order
Elliptic Equations*

R. P. GILBERT

Department of Mathematics, University of Delaware,
Newark, Delaware 19711 U.S.A.

AND

WEI LIN

Zhongshan University,
People’s Republic of China

Communicated by Oved Shisha
Received September 26, 1983

I. INTRODUCTION

In this paper we shall develop constructive methods for solving the
fourth-order elliptic equation

Adu+au, —2bu, +cu,, +du,+eu,+ fu=0. (1.1)

Equations of this type occur frequently in the mathematical theory of
elasticity. For example, the differential equation of bending of an isotropic
shell, subject to tensile forces in the middle plane and lying on an elastic
foundation, is given by [3]

En? 0%u 0’u
e — ~H, ——Hy—; - = 7). }
) Adu—H, pw yay2+c1u c,du=q(x, y) (1.2)

Here u is taken to be the vertical displacement.

There are two well-known function theoretic approaches to the solution
of this problem (see Bergman [1,2] and Vekua [4]). Both of these
methods reformulate Eq. (1.1) as a complex hyperbolic equation and then
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seck an integral representation in terms of a kernel which is to be deter-
mined. If the complex coordinates z:= x+1iy, and {:= x—iy are
introduced, the equation (1.1) becomes formally hyperbolic, i.e.,

L[U):= U+ MU, + LU, + NU,+AU.+ DU+ CU=0, (1.3)
where the new coefficients are
M=N=%[a—c+ib], L=1[a+c], A=D=1L(d+ie), (14)

and C=Lf
It is of course understood that the coefficients of (1.1) are assumed to be
analytic function of x and y in a sufficiently large bicyllinder so that our
continuation to the z, { space is meaningful. For simplicity of discussion let
us assume that the coefficients are entire.

Bergman [2] has shown that all solutions of (1.3), in a neighborhood of
the origin, may be represented in the form

2 1 1
0e.0=3 [ | Bt s (z0-2)

1.5
" (1.3)

1
+EMO(z, (1) g, (— {1 - tz])] ——,
2 J1=7

where the functions E®*%)(z, {, t) satisfy a partial differential equation (to be
specified below), and the initial conditions

EM(z,0,1)= E™D(0,, 1) =1,
E*2)(z,0, 1) = EM2(0, {, 1)=0
E8(z,0, 1)= EM™(0,¢, 1) =0
E2)(z,0, 1)= EM2(0,, 1) = 1.

(1.6)

The functions E™* satisfy the differential equation [2]

2 (1= ) Eoqp + ME, + 3LE, + 3AE,]
+3z7 % (1 =2V [Egy+ ME, ] — 27 't *[E i + ME, + $LE,
+3AE]~ 3z % (1= ) Ege + ME] + 3272 [ Ec+ ME]
+L[E] =0, (1.7)
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and the functions E™*) satisfy the differential equation
¢l - tz)[Egzz, + NE, +3LE, +1DE,]
+1-2 21— *)?[Z..,+ NE,]—z 't *[E..+ NE,
+3LE.+3DE]—3{ 7% (1 —t*)[E.. + NE,]
+3("% *[E..+ NE]+L*(E)=0 (1.7")

where
L*(E)=E..+ ME,+ LE,.+ NE_.+ AE .+ DE. + CE.
However, what is more significant is that Bergman has given a recursive

scheme for computing the coefficients P")(z, {) of the Taylor expansion of
E as a function of ¢; namely, if

EVz, { t):= POz, () + i *z° Pz, {), (1.8)

v=1

then these coefficients may be computed by solving recursively the differen-
tial equations

D,(P) =0,
D,(P") = —4D,(P¥) ~2D,(P),
1
(n+2)y— __ (n) (n+1)
D,(P" )= — [ D (P2 + Qat DR (19)

1
+Dy(P™) + (n + 5) D,(P"* D)+ NP + DP{ + CP(n)]’
n=0.

Here D\(H):= H;+ MH and Dy(H):= LH,+ AH.

It has been shown [2] that there exist two sequences of functions
PEM(z,¢) and PM2"(z, (), n>0, which satisfying (1.9) such that the
initial conditions

POz 0)=1, P10z, 0)=0,
PNz, 0)=0,  PU(z0)=0  (n=1,2..),
P19z 0)=0,  PU29(z 0)=1,
PU20(z,0)=0,  PU29(z,0)=0  (n=1,2,..).

(1.10)
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Similarly, we may get the Taylor expansion of E''V as a function of ¢.

E(")(Z, C’ t)=P(II,0)(Z’ C)+ Z t2vsz(v)(Z, 3) (18/)

v=1

their coefficients may be computed by solving recursively the differential
equations

D¥(PU9)=0
DT(P("’I)) - _4D1=(P(Cll,0)) _ 2D’§(P("’O))

1

D* P(Il,n+2) —_
1 ) n*+2n+3/4

{D",‘(P?ZL"’) +(2n+ 1) DA(PWn+ )
1
+ D’;(P?I,n)) + <n + E) D:;(P(ll.n+ 1))

+ MPULn 4 gpUita 4 CP‘"»")] (n>0) (1.9)

Here D¥(H):= H,.+ NH, D% := LH_+ BH.

Another representation has been given to the complex equation (1.3) by
Vekua [4]. This representation makes use of the complex Riemann
function. In this paper we shall show that these two methods are
equivalent, and moreover, use the Bergman recursive scheme to compute
the Riemann function. This will lead to a new representation for the
solution of the Goursat problem, and several examples illustrating special
cases of interest will be worked out.

I1. GOURSAT’S PROBLEM

As the solutions to (1.3) are uniquely determined by their Goursat data,
the solutions generated by the Bergman and Vekua mappings may be put
in a one-to-one correspondence via their respective Goursat data.
Moreover, the analytic associates of each of these mappings may also be
put in a one-to-one correspondence. This in turn will show the equivalence
of these two approaches. To this end let us introduce the functions

dt

wie)=[ f(50-71)

(¢ 27 4t _
wk(c).—jlgk(ztl—rﬁm (k=1,2)

b

(2.1)




FOURTH-ORDER ELLIPTIC EQUATIONS 59

where f, and g, are the analytic functions of the representation (1.5). Then
we have the identities

1 d 1 z
2L (50-11) S g G ) b

n ! 2nk C, 1 n—1
N ) e e I AT

(n=1,2,..). and the representation (1.5), (1.8) may be written in the form

U=y J =

k=

-¢k(s)ds] [‘"“’(z DU +3 P90y (22)

o) (Lk,n)
[Pt 000+ $ ey

[a-orwioran |

If the origin is shifted from (0.0) in the z —{ space to (7, 7), the represen-
tation (2.2) takes the form

Pz, §, T)

Uz, ()= Y, {[P(Iko) 7, (1) dilz) + Z m

k=1

J et |+ o @)

o POz ) 0
+ L S o) [ -0 lwk(a)dr}},

where the P79z, {, t) are solutions of the system (1.9) which satisfy the
initial conditions
POz 1 1)=1,  PEO(z,1,1)=0, (24)
4
POz, 1,1)=0,  PEM(z,1,71)=0  (n>1),

and

P'27(z,7,7)=0, P20z, 1,7)=1,

PUAD(z,1,1)=0,  PI2M(z,1,71)=0 (n>1)

(2.5)
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The P™* ")z 1,1) are likewise solutions of the system (1.9'), and
moreover, satisfy

PUYO L 1) =1, PO L, 1)=0,

26
P‘""’”’(t, C, t) =0’ Pgu‘l‘")(t, C’ t) 0 (n > 1), ( )

and

P(H‘Z’O)(l, C’ [) =0, PgII,Z,O)(t, C; t) 1,
P20, 0 1)=0,  PI2M(,{,)=0 (nz1).

(2.7)

The complex Riemann function, G(¢, t, z, {), for Eq. (1.3) is a solution of
this equation, which moreover, satisfies the special Goursat data [4] (see,
in particular, pp. 186, 187, Eq. (37.9), (37.11), (37.12).)

G(t,1,1,0)=0, g—f (t, 1,1, {)=X(, ¢, 1),

(2.8)
oG
G(t,1,2,1)=0, a—c(t, 1,2, 7)=X*(z, t, 7).

The functions X, X* appearing in the characteristic conditions (2.8) are
solutions of ordinary differential equations, which satisfy prescribed initial
conditions. In our case, these are

2
X
_‘jic_2+ MX=0,
i 29)
X(t, 4, 1)=0, ;,E(T, t,7)=1
and
ax*
—t—izT+NX*=O’
2.10
X (2.10)

* = — =
X6 0=0,  ——(nt1)=1

Having obtained the Riemann function we may use it to solve the general
Goursat problem for (1.3), where

Uz, 1) =fo(z), Uz, 1) =fi(2),

(2.11)
U(t7 C)ng(C)s Uz(t7 ‘:)=gl(C)’
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where the data f,(z), £,({) are required, moreover, to satify the consistency
conditions

fEt)=gm(x)  (k,m=0,1). (2.12)

We have shown the equivalence of Bergman’s and Vekua’s method; hence,
we may also represent this solution using the representation (2.3). To this
end, we must first solve for the analytic functions ¢.(z), ¥.({) (k=1,2).
From (2.11) and (2.3) (2.7) we obtain

fo(z)=¢.(2)+ i POz, 7, 1) (), (2.13)
k=1
o) =¥, () + 3 PMO(t [ 1) 4ilt), (2.14)

[ =ha()+ S TP, 1, 1) gy (5) + PIAO)
! (2.15)
(2% O U(E)+ 2P0z, 7, 1) (o)),

2=y () + Y [PIO(1, L, 7) §i(t) + PTEO
! (2.16)
(6,8, 1) dr(t) + 12 PTRD(1, £, 1) di(2) ]

Clearly the ¢,(t), ¢i(2), ¥i(t), ¥i(¢) may be determined from consistency
conditions, which we illustrate below for several special cases.
If we consider Eq. (1.1) of the form

Au+a(x,y) du+b(x, y) U, +c(x, y) U, +d(x, y)u=0, (2.17)

then the complex version of this is

Uy + LU + AU, + BU, + CU=0. (2.18)

In this case, the functions X({, ¢, t) and X*(z, ¢, 1) of (2.8)-(2.10) satisfy the
simplified initial value problems
d*x dx

-dF=0, X=0 at{=r, d—Czl at{=r, (2.19)

and

ax*

=0, X*=0 atz=1, " =1 atz=t¢;
A
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hence

X, t,1)={—1,and X*(z,t,7)=z—1. (2.20)

The operators D, and D,, moreover, become

which permits us to compute, using (1.9),

PO £ 1) =1 (2.22)
4 4
PG L= =2 [ do [ ds Az s), (2.23)
and
s o
P2z 1) = —2 f do f ds [L(z,s}+ Az, 5)(s—1)]. (2.24)
Likewise,
DY¥(H)=H,. and D%(H)=LH,+ BH, (2.25)
hence,
PALLOY 2 fy=1, (2.26)
PALLD(E 2 p) = _2JZ do fa B(s, {) ds, (2.27)
1 t
and

PO, 2 )= =2 [ do [ dS[L(s, 0)+ Bls, Os— 1)) (2.28)
Putting these coefficients into the equations for the Goursat data
(2.13)-(2.16), that is for
fo(2)=80)=0, gi(2)=X({{r,7), [fil()=X*(z 1),

yields

$1(1) + (C—7) (1) + 4, () =0, (2.29)
$1(2)+¥1(0) + (z— D) Y2(7) =0, (2.30)
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$(0+ =060+ 00 - 4i(0) [ e [ 401,9)ds

— 4o z)j drj [L(t,5) + At 5)(s — 1)] ds
=X 1) = -1, (2.31)

$:(2) + U1+ (=) Wi~ () [ do [ Bls, ) ds

—Wz(T)IZ da r [L(s,7) + B(s,t)(s—1)(s—r)] ds
=X*(z,1,1):= z-t. (2.32)

The consistency condition (2.12) permit us to compute from (2.29),
(2.30) that ¢,(z) + ¥,(z) = 0, from (2.30), (2.32) that ¢(r) + ¥,(t) =0, from
(229), (2.31) that ¢,(r)+ ¥i(r)=0, and from (2.31), (2.32) that
#5(¢) + y3(r) = 1. Normalizing these otherwise arbitrary coefficients
provides us with the conditions

$(1)=01(1)=0,  $:()=0,  ¢5(:)=1/2,

(2.33)
Yu(r)=¢i(r)=0, ¥s(1)=0,  ¥i(r)=1/2.
Putting these values into (2.29)-(2.32) yidlds
1 EO’ 1 EO’
$.(z) ¥1(0) 230

$(z)=3(z—1),  ¥x(O)=3(—7)

Consequently, the Bergman representation provides us with a series
development for the Riemann function, namely

G(t,152,0)

(- L& [P, g, 1)
=E-0C-9+3 ¥ Eroray

[ = s —nds+ PR, t)-f (C—a)"‘l(a—t)do]

R (SITED)

n=1

(2.35)

) [P([’Z’")(Z, Lo)z—o)t P2 (=) !
2"B(n,n+ 1) n(n+1) + 2¥B(n,n+1)n(n+1) ].
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The general Goursat problem may be set up in the same way as we just
did for the Riemann function. Setting the coefficients (2.22)-)2.28) into the
equations for the Goursat data (2.13)-(2.16) we obtain after normalization

$1(2) = fol2) + ¥1(1) — (2 — 1) (1), 236)
¥1(8) = 2o(0) + 81(1) — (L —7) $a(2). '

Likewise we have
$2(2) =f1(2) = ¥i(t) — (2 — ) Y3(7)
+ [ do [ dsly () Bs. ©) + a0 (Lis, 1) + Bls, 15— 1)

and
Va0 =81(0) — 440~ C ) 830) + [ dor [ ds[41(1) AL 5)
+ @, (E)L(2, 5)+ A(t, sHs—1))]. (2.37)
The consistency conditions plus normalization give us
$ot)=3/i()=y1(r)=380(r),  ¥atr)=1g:(r)
=3 o(t)=¢1(),  $:(t) =1 1(t)=yi(1)
=38i(1).
Hence, from (2.36), (2.37) we have
$1(z) =fo(z) — 3 80(7) —Hz — 1) g4(7),

(2.38)
V1(2)=8ol2) — 1o(0) 4= 1) /(1)
$2(2) =1(2) — + g6(1) — 4z — 1) g3 (%)
1 rz a
+3] do [ Leole) B, 1)+ £1(0)(Lis, )
(2,39)

+ (s —1t) B(s, 7))] ds,
and

YA0) =8(0) —3fo(t) — =) f1(2)
1 o
+3 f do [ j Folt) A(t, $) + F(0)(LAt, 5) + (s— 1) A(t, s))] ds.

Using these expressions for the functions ¢,(z) (k=1, 2), Y,({) (k=1,2)in
(2.3) leads to a representation of the Goursat problem with normalized
data.
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III. CoNSTANT COEFFICIENTS

In this section we consider the special case of Eq. (1.3) where all the coef-
ficients are constants. This leads to a great simplification in our results. We
determine first the few coefficients P&, As

DIP(I,I,O) c= PEIC,I,O) + MP(I,I,O) =0
POz 1 1) =1, PILOY(z, 7, 1) =0,
we have
POz ¢ 1)=cosh A({ — 1), 3.1)

where 12:= —M #0.
The coefficient P may be computed from the scheme (2.4) to be

PNz ¢ 1)= L*—A/(IC_—T—) sinh M({ —t)—L{cosh A({—1). (3.2)
Likewise, using (2.5) we have
PT20O(z 1) =% sinh ({ — 1), (3.3)

and

POR(e, 1) = Zysinh (0 — 1)~ (=) [% sinh (¢ — 1)

+%cosh A(C—r)]. 34)

The coefficients P'" are derived in a similar manner starting with

DPULLOY(; ¢ f) 1= PULLO) _ ;2pLLo) _ () —p?:= N,
PULLOG L fy=1,  POLLO(f [ 1) =0,
We obtain
POz ¢ 1) =cosh u(z — 1), (3:3)
PRz, 1) = sinh iz 1), (30

B
P2 ¢ g =F sinh uy(z—t)—(z—1) [—E sinh p(z—1)

+§cosh w(z— t)]. (3.7)
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We now turn to determining the Riemann function for this case. The
function X (¢, ¢, 1) satisfies

X dx
—— 22X =0, X(t,t,7)=0, = =1;
dCZ ( ) dC e

hence, we have

X(¢, t,t)=%sinh AL —r1). (3.8)

In a similar manner we find X* to be

1
X*(z, 1, 1) =;sinh u(z—1). (3.9)

The Goursat data which the Riemann function satisfies leads to the follow-
ing equations for the auxillary function ¢, ¥, k=1.2:

0=¢.(2)+ 22: POz, 1, 1) Y, (1) = §1(2) + ¥4 (7) cosh p(z — 1)

+-#15¢2(z) sinh p(z — 1), (3.10)

2
0=y()+ X PMOL L 1) gult) = 1(0) +¢4(¢) cosh A — 1)

k=1

+%¢2m sinh A(C — 7). (3.11)

%sinh w(z—t)=¢,(z) + yi(r) cosh u(z — 1) +!lll//'2(‘t) sinh p(z — 1)

+ll//1(r) |:£ sinh y(z—1t)—(z—1)
2 Iz

B .
X <; sinh p(z —t) + L cosh u(z — t))]

+l'//2(17) |:£3 sinh pu(z—t)+ (z —1)
2 u

x<§ sinh u(z——t)+-lf—;2cosh(z-t)>], (3.12)
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and

sinh A(E — ) = Ya(8) + 91(1) cosh AT ) +3 #5(0) sinh ¢ —7)

+% #.(t) [% sinh A({—1)—({—1) (% sinh A({ —1)

+Lcosh/1(C—1:))]+ ¢2(z)[ Ssinh A —1)+((—1)

(é— sinh A({ —1)+ }A;cosh i(C—r))] (3.13)

Normalizing the auxillary functions by setting ¢,(¢) =¥ (7), ¥1(t) = ¢1(2),
&,(t) =yi(1), #5(t)=y5(1) one may solve the above equations to obtain

$.(2)=0, ¥1(2)=0,

,(2) =ﬁsinh wlz—1), (3.14)

YaAl) = Slnh ML—7).

Using these in the representation (2.3) yields the following series represen-
tation for the Riemann function

- 1 & Puan( g )
G,z C)-—Tsmh M(Z—-t)+— Z m

-L (z—s)"" smhu(s—t)ds-';—z/l

1 o5} P(IIZn)(z C 1'.)
T30 2 Bt 1) f(C~

s sinh? A({ — 1)

-sinh A(o — 1) do, (3.15)

where A%:= — M, u?:= —N.
For the general Goursat problem with the data
U(Z, T) =f0(Z), U((Z, T) =f1(2),
Ult,)=280(),  U.(t,{)=g.(),

where f(1) = g*)(t), m, k=0, 1, a similar procedure leads to determining
the associated analytic functions as

(3.16)

640/44/1-5
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$1(2)=olz) 3 80(x) cosh pu(z — 1)~ 5 ,(x) sinh (z — ),
U
1 1
U1(5)= 2al0) = 5o) osh AT =) 5. ;(0) sinh 2L ),

§:(2)=£1(2) =5 (g6l) cosh u(z = 1)+ - (2 sinh ()

1

L [5 sinh u(z — 1)~ (z—1)
4 Iz

X (5 sinh p(z—t)+ L cosh u(z — t)>]
—-%gl(r) [u_B3 sinh p(z —t)—(z—1)
L . B
x(; sinh u(z—t)+l—ﬁcosh p(z—t))], (3.17)

D)= ) =5 lt) cosh 20 )+ 3110 sin A )
st

ésinh AME—1)—((—1)

4 |2

X (-/% sinh 2({ —t) + L cosh A({ — 1))]

1 4 .
—3/() [F sinh A({ —1)—({—1)

X <—§- sinh A({ — 1) +% cosh A({ — t))].
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